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^ Abstract 

-)— > 

^ We report on a systematic study of scalar field three-point functions in planar 

r-| SU{N) A/" = 4 super Yang-Mills theory at the one-loop level. For this we have 

computed a sample of 70 structure constants at one-loop order involving primary 
■^ operators of up to and including length five built entirely from scalar fields. We 

observe in all 17 cases occurring in our sample that the one-loop structure constant 



> 



lO of two protected chiral primary operators and one unprotected operator is given by 

^ a simple linear function involving the anomalous scaling dimension of the latter. 

• Moreover, a similar simple one-loop formula is proven for the three-point structure 

(^ constants of the Konishi operator and two arbitrary protected or un-protected 

O operators. It is again determined by the anomalous scaling dimensions of the 
operators involved. 
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1 Introduction and Conclusions 

Following the discovery of integrable structures |T-'3] in the AdS/CFT correspondence fi] our 
understanding of A/" = 4 supersymmetric Yang-Mills (SYM) theory |5| and the dual AdS^ x S^ 
superstring theory has greatly advanced. To a large extent this progress occurred in the problem 
of finding the exact all-loop form of the anomalous scaling dimensions of local gauge invariant 
operators of the gauge theory alias the spectrum of string excitations in the string model. The 
key was a mapping of the problem to an integrable spin chain which emerged from a one- 
loop perturbative study of the diagramatics involved by Minahan and Zarembo 1 1 1 . Moving on 
to higher loops the spectral problem was mapped to the diagonalization of a long-range spin 
chain model, whose precise microscopic form remains unknown |3,6|. Nethertheless assuming 
integrability the spin-chain S-matrix could be algebraically constructed and the spectral problem 
was rephrased for asymptotically long operators to the solution of a set of nested Bethe equation 
|7| (for reviews see |8,9|). The central remaining problem is now the understanding of wrapping 
interactions, which affect short operators at lower loop orders |10|, |11|. From the algebraic 
viewpoint important progress was made by thermodynamic Bethe ansatz techniques |12| which 
also lead to a conjecture for the exact numerical scaling dimensions of the Konishi operator, the 
shortest unprotected operator in the theory |13|. 

Next to the scaling dimensions there also exist remarkable all-order results in planar A/" = 4 
SYM for supersymmetric Wilson-loops of special geometries |14| as well as for scattering ampli- 



tudes of four and five external particles |15|, being closely related to light-like Wilson lines |16|, 
see |17| for reviews. 

Given these advances in finding exact results it is natural to ask if one can make similar state- 
ments for three-point functions of local gauge invariant operators. Due to conformal symmetry 
the new data appearing are the structure constants which have a nontrivial coupling constant 
A = g^N dependence and also appear in the associated operator product expansion. In detail we 
have for renormalized operators 



0a{xi)0ii{x2)0^{x^)J \ \A^+Ap-A^\ \Ap+A^-A^\ \A^+A^-Ap\ \^o.+ip+^^ ' (1) 



where Z\q = Aa + A7Q, denotes the scaling dimensions of the operators involved with A'^^'^ the 
engineering and 7 the anomalous scaling dimensions, /x the renormalization scale and 

Co.,, = C^l, + \C^}, + 0{\') (2) 

is the scheme independent structure constant representing the new observable arising in three- 
point functions one would like to find. Similar to the case of two-point functions there are non- 
renormalization theorems for three-point correlation functions of chiral primary (or 1/2 BPS) 
operators, whose structure constants do not receive radiative corrections |18|. 

The study of three-point functions involving non-protected operators allowing for a non-trivial 
coupling constant dependence of the structure constants is still largely in its infancy. Direct com- 
putations of three-point functions are |19-25| while |26| analyzed the problem indirectly through 
an OPE decompostition of four-point functions of chiral primaries. The works |20,25| focused 
on non-extremal correlators involving scalar two-impurity operators which are particularly rel- 
evant in the BMN limit. The mixing problem of these operators with fermion and derivative 
impurities was analyzed in |27|. |21| considered extremal correlators of a very special class of 
operators allowing an interesting map to spin-chain correlation functions, while |28| addresses 
similar questions from the perspective of the non-planar contribution of the dilatation operator. 

The two works |22,23| considered the general problem of finding the structure constants 
of scalar field primary operators discussing important aspects of scheme independence for the 
determination of C^i^. In this paper we shall continue this work and report on a systematic 
one-loop study of short single trace conformal primary operators built from the six real scalar 
fields of the theory in the planar limit. For this we developed a combinatorial dressing technique 
to promote tree-level non-extremal three-point correlation functions to the one-loop level which is 
similar to the results reported in |23|. This is then used to compute a total of 70 structure constant 
at the one- loop level involving 11 different scalar field conformal primary operators up to and 
including length five. The restriction to this particular set of operators arose from the necessity 
to lift the operator degeneracy in the scalar sector by diagonalising the two-point functions at 
one-loop. However, the mixing problem in the sector with fermionic and derivative insertions 
was not resolved, which in general contributes structure constants at the 0{X) level. The main 
motivation for this spectroscopic study is to provide data to test and develop future conjectures 
on the form of the three-point structure constants potentially making use of integrability. 



Next to providing this one-loop data two general observations could be made. Firstly, in all 
cases that we computed the structure constants involving two protected (1/2 BPS or chiral pri- 
mary) operators with an unprotected operator follow a simple linear expression in the anomalous 
scaling dimensions. In the normalization conventions of (1) and (8) for renormalized operators 
we find the relation 

0/37, non-extremal -^ .n r\ /o\ 

-^) ""2^^ if7a = 7/3 = 0, (3) 

0/37, non-extremal 

in all 17 cases that occurred in our study. It should be stressed, however, that possible additional 
contributions to C^^^ non-extremai ^risc from operator mixing at the 0{y\) order with fermionic 
insertions or covariant derivative insertions at the 0{X) level respectively, as was studied in 
|27,25|^. These additional contributions due to operator-mixings beyond the SO{Q) sector have 
not been taken into account here and might change the above result. 

Secondly, for the non-extremal three-point correlator of the Konishi operator /C = Tr(0*0*) 
with two arbitrary scalar field primary operators we prove the relation 

r^W ( \ 

afiK , non-extremal r \ c\ / « iK. \ / < \ 

a/3 a; , non-extremal \ '^ K. / 

Note that this result is in accordance with (3) for 7q, = as /X^ = 2. It is important to stress that 
both results only apply for non-extremal correlation functions. Extremal correlation functions 
are such that Ax^ = Aa + Aa i.e. the length of the longest operator is equal to the sum of 
the two shorter ones. Here there also exists a compact one-loop formula due to Okuyama and 
Tseng 1 22 1 see equation (28). 

It would be very interesting to see whether these simple structures are stable at higher loop- 
order and also for non-purely scalar field primary operators such as the twist J operators for 
example. Even more interesting would be a computation of three-point functions involving non- 
protected operators at strong coupling via classical string theory. Here very interesting first steps 
were done by constructing suitable spinning string solution in |29| approaching the boundary of 
AdS^ and in the construction of classical string vertex operators |30|. 

2 General structure and scheme dependence of two and 
three-point functions 

We want to compute planar two- and three-point functions of local scalar operators at the one- 
loop order. For this it is important to identify the regularization scheme independent information. 
To begin with a scalar two-point function of bare local operators Ol^{x) in a random basis 
can be brought into diagonal form under a suitable linear transformation Oa = M^pO^ with a 
coupling constant \ = g"^ N independent mixing matrix M^/? as we are working at the one-loop 

^We thank the authors of these papers for pointing this out to us. 



level 2] 

{Oo,{xi)Op{x2)) = ^°^o) (1 + Agfa- A7a ln|xi2e~^P) , xl^ := {xi - X2Y , (5) 

where e represents a space-time UV-cutoff and Aa the engineering scaling dimension of Oa- 
Clearly the finite contribution to the one- loop normalization Qa is scheme dependent |22,23| as 
a shift in the cutoff parameter e — >■ e'^ e changes 

fl-a -^ 5-0 + 2 C7„. (6) 

One may now define the renormalized operators via 

O^ = oJl- ^g^ - A7«ln |/xe| + Oi\')\ (7) 

with a renormalization momentum scale n to obtain finite canonical two-point correlation func- 
tions 

'^"/9 /^ \,. 1„ I™ ,.|2 , ^/\2x\ <^a/3 /oN 



(o„(xi) 0^ix2)) = ^ (1 - A7„ In |xi2/i|' + 0(A2)) 



|Xi2| ° |a;i2| " |Xi2/i| ^" 

allowing one to extract the scheme independent one- loop scaling dimensions A^ = Aa + X'ja- 

Moving on to three-point functions of the un-renormalized diagonal operators O^ one obtains 
to the one-loop order in A 

( C,(xi) 0(i{x2) O^ixs) ) = - .(0)+^(0)_^(0) |Z^(0)+40)_ziW , |4°)+ziL'"-4'« 



F12I ^ F23I ^ P3l| ^ 

V ^ L "''12 -^31 "''12 "''23 "''23 "''31 ) J 



(9) 



Now again the finite one-loop contribution to the structure constant C^n!^ is scheme dependent 
[22^^23] as it changes under e — )■ e e'^ as 

C'i^/]7 -^ C'^l37 + c (7a + 7/3 + 77) C'S7 ' (uo sums ou the iudiccs) . (10) 

However, the following combination of the unrenormalized three-point function structure constant 
and the normalization is scheme independent 

^(1) ._ r'(i) ^ in r(°) -un r(°) -ur, r(°) ^ nn 

This is the only datum to be extracted from three-point functions. It also directly arises as the 
structure constant in the three-point function of the renormalized operators Oa 

^ ^ ^ \ n 

Oa{Xl) Op{x2) 0^{X^)J = |^^^|^^+^^_zi^|^^^|^^+^^_^^|^^^|^^+z\^_^^|^|A(^,+^^+^^) ' (12) 



^Note that the two-loop diagonalization will involve a mixing matrix proportional to A. 



where Cap^ = CJ^L + ^C^L + O(A^) is the scheme independent structure constant of (11). 

An important point is the following. If one wishes to compute the one-loop piece C^I starting 
from a generic basis of operators one has to resolve the mixing problem at the two-loop order. 
This is so as the resulting mixing matrix M^is will then receive 0(A) terms which will contribute 
to the final C^I through tree-level contractions. If, however, the degeneracy for a given set of 
states in a representation of psu(2, 2|4) has been completely lifted already at the one-loop order, 
then this two-loop mixing effect will be absent as the mixing matrix M^p cannot receive further 
corrections. Looking at short primary operators this indeed turns out to be the case up for a 
large class of short operators, as we will discuss later. 

3 The one-loop planar dressing formulae 

3.1 Derivation 

In this section we derive an efficient set of combinatorial dressing formulae to dress up tree-level 
graphs to one-loop. Similar formulae appeared in |31|. 

Following 1 20 1 we introduce the 4d propagator and the relevant one-loop integrals in configu- 
ration space 
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We have put the space-time points as indices to the function to make the expressions more 
compact. These functions are all finite except in certain limits. For example 1^123 , ^1234 and 
-f^i2,34 diverge logarithmically when xi — )■ X2- In point splitting regularization one has the limiting 
formulae (limj^j xf ■ = e^) 
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^112 = --^,h2 (in ^ - 2) = y,22, (15) 



IGtt^ \ X 



^12 



i^l2,13 = -T7^^ (ln^-2')+ri23f^ + ^-^), (16) 




Figure 1: The generic tree-level three-point function. 
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We introduce a graphical symbol for the scalar propagators and work in a normalization 
where m 

{4>\x,)c^\x^))^^^^u[ui= \ 



{Ui ■ U2) /12 , 



(19) 



U2 



here the S'0(6)-indices of the scalar fields are contracted with dummy six- vectors u{ and U2 for 
bookmarking purposes. 

The one-loop corrections are then built of the following three components 
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(gluon), 



(20) 
(21) 
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(22) 



With these basic interactions we can now diagrammatically dress up the tree-level two- and 
three-point correlation functions to the one-loop level. To do so we note that a generic planar 
three-point function will be made of two-gon and three-gon sub-graphs which need to be dressed, 
see figure 1. 

For the two-gon dressing one finds the basic dressing formula 
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(23) 



where the diagrams in the last hne only stand for the index contractions not for propagators. This 
contraction structure is of course that of an integrable nearest neighbor 5*0 (6) vector spin-chain 
Hamiltonian as was first noted in |1|. 
Analogously, for the three-gon we find 
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(24) 



Again the graphs in the last three lines only represent the index contractions. Interestingly a 
similar structure to the integrable spin-chain Hamiltonian of (23) emerges also for the one-loop 
three-gon interactions. 



3.2 Gauge invariance and Wilson line contributions 

There is one important point we have not addressed so far. The point splitting regulariza- 
tion method that we employed violates gauge invariance as the space-time locations of the two 
neighboring operators in the trace are no longer coincident. The natural way to recover gauge 
invariance is to connect the two split points through a straight Wilson line. This, however, gives 
rise to new diagrams not yet accounted for in which a gluon is radiated off the Wilson line. 
Luckily we are able to show that this contribution vanishes entirely at the one-loop level for 
lei ^0. 
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the Wilson line is parametrized by 
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Figure 2: Additional Feynman- Graphs for extremal three-point functions. 



We then have the contribution 



1 



3' 



A(mi ■M2)(m3 ■U4] 



/ dre- {81-82) Yi2r 
Jo 



2X{ui ■ U2){us ■ U4) 



dr d u 



e-xi^ 



^rw 



(26) 



'0 J l-^lwJ -^iu-^i 

This five dimensional integral is by power-counting logarithmically divergent for coincident points 

X3,x(r) — 7- xi i.e. |e| — )■ and one has 



lim / dr 



rf uj , ^ ,„ .^ — 5- ~ lim e • a;i2 



In ^- + finite + 0(e) ) ^ , 
^12 



(27) 



There is also a novel ladder-diagram in which a gluon is exchanged between two Wilson lines 
extending from Xi to X3 and from X2 to X4. This ladder-graph is manifestly finite and vanishes 
as e^. Therefore all the Wilson line contributions to the point splitting regularization vanish at 
this order of perturbation theory. 
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3.3 Extremal three-point functions 

Three-point functions of operators with lengths A. 
are called extremal. For these extremal functions the dressing formulae above do not hold any 
longer for two reasons: First, there appear additional diagrams with a gluon exchange or a 
vertex between non-neighboring propagators as the one in figure 2, These non-nearest neighbor 
interactions lead to additional terms in the dressing formulae. Second, unlike non-extremal ones 
extremal three-point functions with double-trace operators contain the same factor of A^ as those 
with single-trace operators. This results in an operator mixing of single-trace with double-trace 
operators already at tree-level. This is described in detail in |32,22|. 

We will refrain from studying these extremal three-point correlators in the following. In any 
case the one-loop structure constants follow a simple pattern: They are a given by a linear 
function of the anomalous scaling dimensions of the operators involved |22| 
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(28) 



hence the three-point problem has been reduced to the two-point one. In particular structure 
constants of protected operators are free of radiative corrections. 



3.4 Two convenient regularization schemes 

We have seen in (11) how to extract the regularization scheme independent structure constant 
from a combination of the bare structure constant and the one-loop finite normalization shifts. 
As the latter arises from the finite contribution to the two-gon dressing (23) one may pick a 
regularization to simply cancel these contributions. I.e. making the transformation on the point- 
splitting parameter 

e^^/ee (29) 

transforms 
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Hence in this scheme the finite part of the two-gon dressing vanishes resulting in a vanishing 
finite correction to the two-point functions 



ga 



0, 



(31) 



which in turn implies that the bare and the renormalized structure functions coincide in this 
scheme 

This implies that the structure function may be read off solely from the three-gon dressings of 
the non-extremal correlator, which may be graphically represented by 
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(35) 

Now the finite contributions to the three-gon dressings vanish and the bare structure constant 
may be computed from only dressing the two-gons in the tree-level correlator 



Alternatively one may apply the transformation 






e — )■ ee 






yielding 

In -^ — 1 — )■ In -^ + 1 , and 

4 ^'j 


In 2 2 

^ik^jk 


e^xl 
- 2 ^ In -^-^ 

^ik^jk 



a 



(1) 

a/97 



1 



in' 



E E :=:-:x: 



cyclic all 
perm. 2-gons 



;><; 



(36) 



10 



The scheme independent structure constants can then be calculated using (11) with Qa = 7a by 
virtue of (35), i.e. 

^7 = ^^7 - I ^^7 (7- + ^^ + ^7) • (37) 

In our actual computations we have used both schemes depending on the problem at hand. 
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Figure 3: List of all scalar conformal primary operator up to length 5 with their one- 
loop anomalous dimensions. Degenerate classes of operators are printed in bold-face. 
K, denotes the Konishi and CPO chiral primary operators. The O:^ refer to the BMN 
singlet operators in the nomenclature of |33,25| where the quantum mixing with fermion 
and derivative insertions is resolved. The asterix refers to not resolved fermion and 
derivative mixings. 
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4 Results 

Using the dressing formulae of section 3 one can in principle straightforwardly compute arbitrary 
three-point functions by combinatorial means. Clearly, due to the need to sum over all permu- 
tations in these dressing formulae the complexity in the computations grows fast and needs to 
be done on a computer. This has been implemented in a two step procedure. Starting with an 
arbitrarily chosen basis of operators all two-point functions are computed and then diagonalized. 
Similarly all three-point functions are computed in the original basis and then projected to the 
diagonal basis where the structure constants can be extracted. For operators up to length three 
this was done algebraically with a Mathematica program. Starting with length four the mixing 
matrix diagonalization could not be performed algebraically any longer and we had to resort 
to numerics using Matlab. Once the diagonal basis was constructed the numerically obtained 
structure constants could in most cases be again fitted to algebraic expressions derived by the 
algebraic form of the one-loop scaling dimensions. This could be done in 62 out of 70 cases. 

4.1 Short primary scalar operators up to length 5 

We first list all the scalar conformal primary operators up to and including length five. We have 
independently constructed this list by an explicit diagonalization of the corresponding two-point 
functions finding complete agreement with the previous analysis of Beisert |34,9| see figure 3. 
Note that there remain degeneracies in the anomalous scaling dimensions 7 which we indicate in 
the table through bold face letters. 

The operators up to length three and the length four singlets can be explicitly given and read 
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The dots in the last two operators indicate possible operator mixings with fermion and derivative 
insertions which have not been resolved so far. Similarly the operators 4B, 4F and 5E mix with 
such terms and have been displayed in |27,25p, 

Below we list our main results. We computed almost all one-loop structure constants for the 
non-degenerate operators of up to length five of figure 3. Note that only three-point functions 
which do not vanish at tree-level are listed. We also stress that the majority of results for the 
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have been obtained numerically and the quoted analytical results represents 



:/37 

a biases fit allowing as non-rational factors only the square root term appearing in the anomalous 
scaling dimensions of the operators involved in the patricular three-point function. The numerical 
precision in theses fits is typically of order 10~^ or better, for the raw data see the appendix A. 2 
of |35|. Finally, the analytically obtained results are highlighted in bold-face letters. 
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5- v^ 





5- v^ 


2B 


4G 


4G 














3B 


3B 


4A 


4 


4 


\ (13 + Vil) 


^(261 + 9v^) 


3B 


3B 


4B 


4 


4 


5 + v^ 


^(87 + 3v^) 



^We thank the authors of this work for important discussions on this point. 
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Oa 


Op 


O, 


87r27„ 


87r27^ 


871^7^ 




3B 


3B 


4E 


4 


4 


\ (13 - 7ii) 


^ (261 - 9 741) 


3B 


3B 


4F 


4 


4 


5-75 


^(87-375) 


3B 


3C 


4B 


4 





5 + 75 


^(39 + 775) 


3B 


3C 


4F 


4 





5-75 


^(39-775) 


3B 


3C 


4G 


4 








4 


3C 


3C 


4A 








\ (13 + 7ii) 


\ (13 + 741) 


3C 


3C 


4B 








5 + 75 


5 + 75 


3C 


3C 


4E 








\ (13 - 7il) 


1 (13 - 741) 


3C 


3C 


4F 








5-75 


5-75 


3C 


3C 


4G 














4A 


4A 


4A 


\ (13 + Vil) 


\ (13 + 7ii) 


\ (13 + 7ii) 


^ (7185 + 309 7il) 


4A 


4A 


4E 


1(13 + 741) 


\ (13 + 7ii) 


\ (13 - 7ii) 


h (21 - V41) 


4A 


4A 


4G 


1(13 + 741) 


\ (13 + 7ii) 





\ (13 + 7ii) 


4A 


4B 


4B 


i (13 + 741) 


5 + 75 


5 + 75 


12.3279656 


4A 


4B 


4F 


i (13 + Til) 


5 + 75 


5-75 


H9 + 7ii) 


4A 


4E 


4E 


^(13 + 741) 


\ (13 - 7ii) 


\ (13 - 7ii) 


^ (21 + 741) 


4A 


4F 


4F 


1(13 + 741) 


5-75 


5-75 


4.865786 


4A 


4G 


4G 


1(13 + Til) 








1(13 + 7ii) 


4B 


4B 


4B 


5 + 75 


5 + 75 


5 + 75 


6.772955 


4B 


4B 


4E 


5 + 75 


5 + 75 


\ (13 - 7ii) 


38.020253 


4B 


4B 


4F 


5 + 75 


5 + 75 


5-75 


26.076638 


4B 


4B 


4G 


5 + 75 


5 + 75 





A (25 + 775) 


4B 


4E 


4F 


5 + 75 


\ (13 - 7ii) 


5-75 


1(9 - 7ii) 


4B 


4F 


4F 


5 + 75 


5-75 


5-75 


5.374976 


4B 


4F 


4G 


5 + 75 


5-75 





10 
3 


4B 


4G 


4G 


5 + 75 








5 + 75 
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Oa 


Op 


O, 


87r27„ 


87r27^ 


871^7^ 




4E 


4E 


4E 


1(13- 


V41) 


1 (13 - Vil) 


1 (13 - v^) 


^(7185-309^41) 


4E 


4E 


4G 


1(13- 


v/41) 


1 (13 - v^) 





1 (13 - v^) 


4E 


4F 


4F 


1(13- 


v/41) 


5-^5 


5- v/5 


4.785995 


4E 


4G 


4G 


1(13- 


V41) 








1 (13 - v^) 


4F 


4F 


4F 


5-^5 


5- v^ 


5- v^ 


4.464987 


4F 


4F 


4G 


5- V5 


5-^5 





^(25-7v^) 


4F 


4G 


4G 


5-^5 








5- v^ 


4G 


4G 


4G 














2B 


5J 


5J 





2 


2 


10 

7 


2B 


5J 


5K 





2 





2 


2B 


5K 


5K 














3B 


4A 


5J 


4 


1 (13 + Vil) 


2 


2 


3B 


4A 


5K 


4 


1 (13 + v^) 





4 


3B 


4B 


5J 


4 


5 + ^5 


2 


|(13 + 2v^) 


3B 


4B 


5K 


4 


5 + V5 





4 


3B 


4E 


5J 


4 


1 (13 - V4l) 


2 


2 


3B 


4E 


5K 


4 


i (13 - v^) 





4 


3B 


4F 


5J 


4 


5-^5 


2 


|(13-2V5) 


3B 


4F 


5K 


4 


5-^5 





4 


3B 


4G 


5J 


4 





2 


2 


3B 


4G 


5K 


4 








4 


3C 


4A 


5J 





1 (13 + v^) 


2 


2 


3C 


4B 


5J 





5 + ^5 


2 


2 


3C 


4B 


5K 





5 + V5 





5 + v^ 


3C 


4E 


5J 





i (13 - Vil) 


2 


2 


3C 


4F 


5J 





5-^5 


2 


2 
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Oa 


Op 


O, 


^T^ha 


87r27^ 


87r27^ 




3C 


4F 


5K 





5-^5 





5- V^ 


3C 


4G 


5J 








2 


2 


3C 


4G 


5K 















As reported in the introduction we make the general observation, that for a three-point 
function of two protected operators with one unprotected operator the structure constants follow 
the simple pattern: 

- 7^ if 7„ = 7^ = . (47) 



'-'a/37 



^(0) 
'-"a/37 



This occurred in all applicable 17 cases in the above. We again stress that, except for the cases of 
/C and 3B, this result will generically receive corrections from subleading operator-mixing terms 
with two fermion and two derivative insertions. 

4.2 Konishi operator with two primary scalar operators of arbitrary 
lengths 

We calculated the three-point function of a Konishi operator with two arbitrary operators of 
same length from a diagonal basis. The three-point function then takes the general form 






la 






_lli_ IK 



A 



(0) 



A 



^(0) 
(0) / '-"a/3^ 
K 






(4J 



as already mentioned in the introduction. 

This may be shown as follows. Let /C be the length two Konishi operator and the set {Oa} 
an arbitrary non-diagonal basis for the operators of length A^^' that can be written in terms of 
attached vectors, namely 



O. 



^ i 

Tr«-0---w>) 



{A^^> > 2). 



(49) 
(50) 



Let Zk C Sk denote the set of cyclic permutations of (1, 2, . . . , A;). 

We choose the renormalization scheme e — )■ ee in which only the 2-gons hold finite contribu- 
tions 



A 

8^ 



l-loop 



In 



+ 1 



X 



12 



;=; -;x; +;^;><; 



(51) 



Xi X2 
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while the 3-gons only contribute to the logarithmic terms. For the two-point functions we get 

r^(o) 



(o.(xo 0,(0:2)) = /if" Yl 



ez 



1=1 ^ 



X 



12 



Kil) ' "roa(l) K{2) ■ "roa(2) ~ K(l) ' "roa(2) 



TdZ 



(0) 



Zi(0) 
i=3 



■u 



/? 



■r(j) "to<t(j) 



Now let Pa = M^cxB Or denote a diagonal basis of the length A^^^ subspace. Then 



(52) 



{V^{x^)Vp{x2)) 



2Zi(0) 



X 



12 



^12 



5q/3 + AfifQ, + A7a(5a/3 lu ^- = M^^ Mps {0^{xi) Os{x2)) (53) 



from which we immediately get the condition for tree-level diagonality 

zi(0) 



a£Z 



(0) 



j=l 



(54) 



Using this result we obtain 



{V^{xi)Vp{x2)) 



^^i6^p + ^^l\n^ + l 



^12 

X 



Stt^ V X 



^12 



Z\(°)(5, 



a/3 



(2^: 



,2/i(0) 



E E ^«7^/35(<(l) 



U^r.^(0\ U_fr,S ■ U 



7(") ^^V(0) 



) ■ "too-(2) "t(2) ■ "too-{1) 



zl(0) 



■2"r(l) ■ "t(2) "roCT(l) ' ^roa(2) j >< jj "r© ' ^TOa(i) 

j=3 



and thus the condition for one-loop diagonality 



{2nf^'' 6^, (Z\(°) - Svr^ 7.) = E E ^"^ M,, (<(,) ■ ut^^^,) <(,) ■ «f„,(i) 



.(0) ^^ v(0) 



zi(0) 



j=3 



(55) 



(56) 
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and 



The three-point functions are 

{V^{x{)Vp{x2)lC{x^)) = M^^Mps (C„(xi)C^(a;2)/C(a;3)) 



{271)^^'-''+^ V^xlf'-^ x\^xl 
A 



Y, E ^"7^/ 



/3<5 



X 



23 a^zf r^zf 



n 

i=l 



^l{i) ■ "^(i) 



87r2 



E 



157(5 7(575 

^f7op(l) ■ ^rop(l) '"aop{2) ' ''^Top(2) ~ ^(Top(l) ' ^Top(2) '^aop{2) ' ^Top(l) 



Z\(0)-2 



'2'"'Top(l) ■ '"(7op(2) '"rop(l) ■ '"rop(2) 



0' (5 7 5 

^^(t(zI(O)-I) ■ ^r(zi(0)-l) '"(t(z\(0)) ■ ^T{zi(0)) 



n 

=3 

+ A X logs 



7 5 

'"aop(i) ■ '"rop{i) 



«=3 



.(0) 



^(1) 



Cr«V + AC«V + Axlogs 



-^12 -^13 "''23 

and we obtain the tree-level structure constant 



A(0) 

ap'C /'9„N2Z\(0)+2 ,/q .^-^ -i:!^ "^ P'' ii o-M 

[Z7l) VC) (0) (0) i=l 



M, 



r(i) 



Z\(o) 



Zi(0) 



(27r)2^'°'+2 






7 5 



(57) 



(5^ 



(59) 



where we omitted one sum over all permutations in the second line because the first sum already 
delivers all possible contractions. 
Using equation (54) we get 






3a^ 



(60) 



The one-loop structure constant is 
^(1) _ 1 



C 



al3K 



(27r)2^f°)+4 7i2 



E E E ^-^^> 



lis 



(7ez™rez(i')pez^(o)_ 



zi(")-2 

n 



Vop(i) ■ %op(j) j X '"(x(zi(0)_l) ■ "T(zi(0)-1) ^a(zl(0)) ■ ^r(/l(")) 
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7 57 5 7 7<5 S 

^(Top(l) ■ %op(2) ^CTop(2) ■ '"rop(l) ~ 2 ^f^opCl) " '"(Top{2)'"'rop(l) " %op(2) 

/i(f')-2 

li \^lop(i) ■ ^rop(i)j X "l(zi(0)_l) ■ "r(zi(0)-l) "l(z\(0)) " ^riAW) 
j=3 

'^"/3 r(^(0) _ 2) ^(0) _ (^(0) _ 2) (/^(o) _ 8^2 ^^^■ 

Sap, (61) 



(27r)4Vl2 
47r2 ^3 



where the sum over the p-permutations gives only a factor of {A^^^ — 2) and we made use of 
equations (54) and (56) in the second step. 

The renormahzation scheme independent structure constants 

CS7 = C^aP. - I CX {g. + gp + g,) (62) 

may now be written down using (60), (61) and (57) to find 



'apK - ^apiC 2 "'5'^ V '" '^ 47r2 / \ ^(0) ^W ^(0) / "'^'^ ' 



Ca0K - Ca0JC - o '^a0JC ( 7a + 7/3 + ^^ ) - " | ^7^ + " (^J + — (^ | Q/J/C • (63) 
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